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ABSTRACT

Khalanchuk L. Structured discrete models for solving boundary value
problems. - Qualification work on the rights of the manuscript

The dissertation on competition of a scientific degree of the philosophy doctor
on a specialty 113 Applied mathematid¢s.Zaporizhzhia National University,
Zaporizhzhia, 2021.

The object of researchs structured and bloektructured grids for geometric
models.

The subject of researchi methods of generating structured and biock
structured grids of geometric models.

The dissertation investigates structured discrete models for solving boundary
value problemsThe purpose of the dissertationis to develop a mathematical
apparatus for the construction of structured and bsdakctured grids with specified
parameters of thickening and quality assurance of the model. To achieve this goal in
the work the following main tasks:

- to develop and test method for obtaining structured discrete mathematical
models performed on quadrilateral finite elements for-éivoensional geometric
objects using the Poisson equation;

- to develop methods for optimizing the generation of structured discrete
models of gometric objects by choosing the method of initial partitioning;

- to develop approaches to ¢l the shape and intensity gfid lines
thickeningto a given area of the model of tdamensional and thredgimensional
geometric object.

The research methodare based on mathematical analysis, analytical
geometry, mathematical modeling and numerical methods for solving differential
equations.

The Introduction substantiates the topicality of the thesis, outlines its

relationship to scientific and technical rasgh projects. It formulates the research
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goal and objectives, specifies the object, subject, and methods of research, and
highlights the scientific novelty and practical value of the obtained results. It
sketches out how the research results were usquaictical cases. Further, it
summarizes the personal contribution of the applicant, and presents how the
approbation and publication of the contributed results were done. Finally, the
Introduction provides the quantitative information about the strucfuteedhesis.

The first section reviews the current state of generation of structured discrete
models, which is a continuation and addition to previous studies, namely: describes
the basic steps for building a grid, which are common to many approaches to t
automatic generatiorfsection 1.1) algebraic, elliptic, variational, hyperbolic
methods of generation of structured and bistkictured grids are considered;
analyzed special software tools that are used to generate computer grids; describes
the eqations and theories on the basis of which grids are built; the numerical
methods used at generation of grids are res(gesetion 12); a wide range of objects
and processes have been studied, for which structured grids afsecexh 14.1).

Examples of the construction of a structured discrete model of the
aerodynamic shape of the NACA0012 wing of an aircraft, developed with the help
of the National Advisory Committee on Aeronautics (NACA), are given in more
detal (section 1.4.2 The generation of structured grid of electron density density
in a given region of various quantum points with different wave numbers is also
performed(section 1.43).

The study of methods for generating structured grids revealed the advantages
and disadvantages of these, namely: advantagiethe ability to use a higher order
of approximation and fewer resources of computers; Disadvanteggsictions on
the shape of elements, the structure of their placement and geometric model,
adaptation to complex bodies is guttme consuming and there is a possibility of
degenerate elements, decomposition into blocks can be applied to methods where
blocks and boundaries can be represented explicitly, but in case of too complex

shape body decomposition is almost not appkedombination of structured and



unstructured grids is popular, which allows you to use all the advantages and limit
the disadvantages of both types of grids.

Summarizing the results of the study, we can conclude that the review
confirms the relevance afeveloping methods for generating structured discrete
models of geometric objects for further numerical analysis of their properties
(conclusions to chaptdy.

In the second section, a mathematical apparatus was developed for
constructing structured grids a freely distributed Scilab software package by the
differential method on the example of the Poisson equation with given parameters
of control function condensation and model quality assurdimeeinfluence of the
geometry of the region (convexity drconcavity of the lines of the sides of a
curvilinear quadrilateral) and the choice of the method of constructing the initial grid
on the generation speed of a given structured model of this region by the elliptical
method is investigated by empirical rnetl.

Section 2.1 considers the formulation of the grid generation problem using the
Poisson differential equation. Methods of constructing structured discrete models,
their disadvantages and advantagege considered separatedg¢tion 2.2)Section
2.3 discusses in detail the numerical solution of the Poisson equation using the
difference scheme, namely: the general approximation of derivatives using the
difference scheme (paragraph 2.3.1), the difference scheme for the Poisson equation
(paragraph 2.3.25ection 2.4 discusses the methods of constructing the initial grid:
evenly (paragraph 2.4.1) and by transfinite interpolation with the possibility of
thickening the grid to the right or left (paragraph 2.4.2). The grid generation
algorithm in the Scilalsoftware package with the study of the optimal choice of the
initial grid with respect to a certain shape of the geometry of the construction area is
given insection 2.5.

Particular attention was paid to the study of the influence of control functions
on grid managemengsection 2). For the differential method (elliptical) control
functions were considered, with the help of which it is possible to perform

condensation to horizontal and vertical coordinate linpgagraph2.6.1), as a
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special case of coensation to diagonal lines with the possibility of their
combination paragrapl2.6.3),the influence of parameters of these control functions
on condensation is investigatedihe influence of the parameters of control
functions, by means of which it iogsible to construct a condensation in the form
of one, two or more circles, an elliptical method on the quality of the constructed
grid, namely its orthogonality, was investigai@dragrap2.62). The study was
accompanied by visualization of thesults.

In the third section, the influence of the parameters of the control functions of
the Poisson equation on the thickening of the grid of surfaces of different types was
investigated.Section 3.1 presents the formulation of the problem of surfade gr
generationRotation surfaces are considered in more detail, as such surfaces are
widely used in the modern technical industry, namely: aircraft construction,
rocketry, etcSince even a small error in such calculations can lead not only to
financial lssses but also to human casualties, such studies require greater accuracy
of calculations. Therefore, there is a need for careful study of the surface in places
of stress concentration, which can be done by thickening the grid in this area, while
saving tetinical resources during the execution of the algorithm. Therefore, the
thickening of the grid on the surfaces of the cylin@derction3.2), the condsection
3.3, as well as at the junction of the cylindrical and conical, cylindrical and
spherical, two canical surfacegsection3.4) was investigatedlhe compression of
the grid on the surface is also investigated, which simulates the probability density
of an electron in a given region of a quantum dot on the example of a cubic quantum
dot (section 3.5. All studies on different surfaces confirm the results on the
influence of the parameters of the control functions on the intensity of the thickening
of the grid. The study was performed on the example of thickening to certain lines
of the grid, and in thecase of combinations of surfaces, the thickening was
performed to the joint line. Therefore, to enhance the thickening, it is necessary to
increase the first parameter of the control function, the second parameter when

increasing makes the grid more unifgrclose to orthogonal.
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The fourth section discusses the generation of structured discrete models for
threedimensional objectd he statemendf this problem is given isection 4.1The
study was performed on the example of tless section of thengular (section 4.2)
and direct ¢ection 4.3) connection of two beams. The example of the "angle" model
is the connection of two rectangular trapezoids along the side line, and the "straight"
model is shown in two variants of division: four rectangulapé&zoids and two
pentagons.The thickening of the grid was performed to the line of the joint
boundary, because it is in the vicinity of the junction of the two structures that the
stress concentration occurs, so a more detailed study of the functiors on t
geometry of a given area is relevabantrol functions were used to condense to the
coordinate lines of the calculation area. Preliminary studies for flat areas and
surfaces on the influence of control function parameters on the grid thickening
intensty in a given region have been confirmed, namely: an increase in the first
parameter leads to an increase in thickening around a given region, and an increase
in the second parameter leads tonare uniform grid distributionj t t0 $he
orthogonality of he lines.Section 4.4 shows the solution of the boundary value
problem of bending a thin plate, solves the difference schemes of Sophie Germain's
equation, condenses the grid to certain construction zones for different plate shapes
(square, convex and namvex curvilinear quadrilaterals).

The conclusions emphasize that tmethods of generation of structured
discrete models of geometric objects developed in the dissertation work allow to
qualitatively increase the results of mathematical modeling, to hesa tn the
analysis and optimization of engineering structures. During the dissertation research,
a software product was created in the freely distributed Scilab engineering software
package, which allows the elliptical method to automate the generastmctired
discrete models of geometric objects such as-dingensional curvilinear
guadrilaterals, body surfaces, sections of Huiegensional objectsWith this
software product, you can control the shape and intensity of théusedi@rid in a

givenarea ofa geometric object.
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Practical results are presented by visual examples that demonstrate the
capabilities of the developed software product. The accuracy and reliability of the
results is confirmed by comparative analysis, compliance with the qathysi
properties and stability of the grid thickening algorithm to each selected area with
the ability to control the intensity of thickening.

The obtained solutions of dissertation research problems can be used by
design organizations and productions adiegions of mathematical modeling of
geometric objects.

Keywords: structured discrete model, Poisson equation, grid thickening,

parameters of control functions, curvilinear quadrilateral model, surface model.
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VLLOGOdz dg¥ 8 yd tojL kzdz' sOlsd HtsMdz' H Y j dadaw
ftetso j HJ dzd 2 tsSG dzwW H f "  HIso jtocHY I2° O CGsyZ O dz!
MstczC lskztetso Odedr HIdMCtojlsdzgdr BsSH jdzj 2 ¢ j 5
ydfmj dz' detsegts OdzOdz' Lz "7 o dzOMmisdotsmisj 2 .

[ Mdztseo dz2' dzOE€ B otz ' tejrdade ds Qdstfl H ' dzz s |
f tc O {P?,™B940, 5457, 67, 71, 158,56
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tdrrwf 2
Jrlrrtomuguvsvot IOy RM T RESTLULRM [ [
rd JI RfwWwi{1rRM J [ JfJUUBIRYLRM J10]| suu

2.1 ] sflsOdztse € O LOHOY' ¢ jdzj tOy"
HdW jtej dzy' Odzt dgsets to' o dgv dedzy ) 2 OMmfts dzO

rqujdey’ Odz dz kj ssisd yde®r T dztf O'tc Of tiztizy 1
HO¥ Is! G dzOH ¢ ° o dalz st " oz’ dz',  cklsstysoEAifYlazO Is Halz H [z ¢
Stelstsc 5 dzOdz! dz' dz" dg'ls’ i@ dz' ‘df j tg B s tepdigt bz hlgk
BzHEZo Ol GSkstetsdOd dz mdmlsj Bz, Odi daj
5B d&zO isQyAts o € dzOH, W C ' dzck@ tlzlso oz 3QHISDG,  Gldta@ER

o dC stoddyldsew HeBE ZOMIsj 2, h& dpj Odedodsd e © O X
CBLYsH &z sbkLd o f' IsCd.
v Cidotsd df 2dzs’  SLEGORbEdS s’ ¢

o dSCstcd Mistsodzts ts} dzdgvj tefj tsts to H d dz@sle[,0 shdasS dai B WAz s d

sB &ZOMls: o MIMEPE' | cf b EEddols § v gsC ks d
sB &ZOMls' oh- MdMBH®L ¢ &' ¥ W' Lduydss O t
odL &zOYO' Is! MW L Odzj 3 desfls v d3q :

» o,kh,0 o,h. (2.1)
stcOdzmW sted3OYy* v o' H Th dk§r oS BBt QUZOK MA
W W
HPTodL dz2Oydzed ¢ dBOtcdy' §jtojlotstejde (WECtsB

L 03I w Ww.
UBBH' LO dOdzyt etsoddy HteOoaddzsds B YdH

ZzOMmisigf dzb o " Hdatsh j dadg? Hdzv f jtojlsotstej dedz? € ¢
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[SLEdvdj Bs HJWjtej dzy' Odrdalzd s d GidsE s  d&C
420 A" t Esfiyile Ol dzj dzts sz o o codzwag * If o tatg | bztiz® -
CLdudEsL DB e B ZOMBL) C cE@HEHEOE ' § dv d

C

2=

Haew ¢ dgj 60y’ ° MlskClbkicse Odes’ ' sCd:
, 1h
s (2.2)

[ od WdvHERasdY s s mlted BOId ' o dets &
Ckhjddm M IsCd o (ke Bdedi 58 dZOMlsw 7

~

-0 h " e odev dzdzw ) ZOMMsdzO:

-

CA

~

n, 0,kh n- 0,8 (2.3)
[MS " dz Syl bR 'ddz' L' OH O Is,h-, 9 Istste toifjldsstd * H dzts
L Odzj x cesd - o o, h-, stz L Odzj ydz@ ' dzj L Odzj

(2.3) dzjtsBrR Hdzs f 5d3 dzv Isd 2.38" fgy “edsd .tc O tzid
5B &ZOMIs' fd fls jfesds lsQoty efzHdg dra Is

M — ¢Q— Q— Q00— 1—
(2.4)

~

"M — ¢Q— "Q — Q0— 1— m

HJ

U LOCOd sz odfOHSE  toded dlaf ,dzdz's ) '2¢
Cesdg W' y' ‘yddsd LoOdaj dzj o' Hisd3d = 9 J dzd yd dz, s
tcsLoOWLEZEIs: L odSttedMmisOdedzy a3 ydmj dz' dzd =
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2.2 1jwjes0cd GjHsd Cd G¢jdzj Oy
HaW jtoj dzy' Odz desets to' o dgv dzdg? ) & Ofyfnts dzO

rdqwjdegy’ Odz' dz Bj stsisd ydePr Tdetf Dtc O wztlzf
LOLOdyuO2 By dz0 oditstedmMlssokzo Olsd HAzY 6 j
BiNJs, BME dZHOE sy’ ¢ &P 6 otcoalload dely | dz'
LdZzO3d f o j tcn dg' dzj BEkzHEIls! GBZOBBM:E. § FE &
stz ‘ otk dzd BZHEZOo Olsd BGtolstsetsdzOdz’ da O dz' d
L OH Odzd d&3 Ytc@fote/difeaBOHg * H 3" dzz 98 H O dzeig) dztb &
Bj ssHOR Hdw M ZOHddr B EZOMIsj 2 &Y J o' F
sHdzz2, M' ' SO0 d@Bsyj od21lsd {1 &edsidz ‘"Ydz O HO detsizv
HdzZw ydmjdzt des”™ t6j Odz’ LOY" ', IOCBY HBSL 9 5
" n dzj L O9 HirHsds iktey0de@ LHGs B dZzOMisj 2, HJ ) St
CtcOdzgd ydzedn i so jterntsdy . uvtsdBz ¢’ f j teB sdz' ydz
ftesmisdr B d&ZOMsws, hts BOBIS! HIWE' B' Ydz
LOHOMEets tL f BRA7. &z e kL dz' & Mm' ¢ (d

23vdMmj dz eagRo 6w L 5C to' o dg¥ dzdz? ) kO da
' Lddydots’ Mmad di3d

2.3.1 ¢ftesChMdBOy v o Hdd: L odCGt

[iHdodSsted MisOdede” i3° ezttt y o G MO dg
LOB dz f SiFS ‘Hidagjrdzdzsis ' L dzd Y j20,d6Hd) s O D s ¢ O
dzOB dzd  j dede® § jtoh 5° SO Hteewds ‘' GLEGHEREES
oL dzGirQ dp ' WD, dzStzj toj teo dzO °  BO', depAYj tdadj Stedac
Heste jslss oW HSCE o § dazé ydgs ofp 'daOtctincts €3 3 € ' ¢
Htso ) d dats ©

o J— (2.5)
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) 5L dzO Y d dét56 44, €5 b 1dz0 U § dzdzwo ¥z @26 Yy~ 4 A d o
55" Hidag Ty i (Q ThfEdt).) ©j HilsO&d wsdzdz W & dzC y
ECEd oOs®HUD] H Y & dts ekt 'fzd dzstcO:

6d 6 S —0d —o 6 U bs (26

HP 0 ws 1LOdzdh Ss9d2 ydzj dz WstedBzdzd v j 2 dztste
f SteW HC R, 08.

10 Hf sdtsce sy 6) Y tstdBlapddi dgt 2 Wiz dzl oqe® n j dzdz”
EsYy®DOd iw o

6 6 2o o Lo o Yo o
pA CA oA
U W ws (2.7)
, , 0 | ‘ o ‘ o | ‘
(0] (0] pA(JO w CAw w O_A(JO w
0 W WS . (2.8)

l6ORsoky yd t' oadz Ml (2.5), Blted kO’ &
@ O 9 6 o B (2.9)

USH' f " HMlsOo dzw * s L dzgOyJ dedev (2. 9) 9
mMftesh jdz odtOL d:

0 6 =0 =0 —Q i, (20)

0 o] —AQ Q —AQ v Q. (2.11)

>

1 202 H | Bsofe@RyYsl) O (2. 10) :

6 6 60 —10 Q. (2.12)
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1 ' edesfls’ (2. 12) d&stedBO' BBds L dzOyj dadz
6 —— —Q 07Q,
L YOttt Blsted B3O’ dkds 9 JtcOL :

6 —— Q. (2.13)

1 jteh d2 HB5HOdsE OO0 5 Yyomilsddzdq t' o dzsmls’
Yd dzlsteOdz! dzgd d3 ME " deyg dedetste’ L dzd yj o dd3 o ' H datsh
odrtsHwWYyd L 9 dL dzOy Qdztfizts C Oy o'z ¢ ff B 7 diESH b
L &3' dzdztf 'tod L d3j dzh j @dfids - cprj A B Hze[ j dzOB dzd ) 2z ®
L dgQ dzdzV d3 H €, dzliisdz'B IsWsC dzOB dzd 4 J dedz? d3O°' Htckzg
HiSL o tsdzw odL dzOydisd oJdduyddkz f§sade¢d
LOfMssmMsoak: Is' M Hts §jodedR HOWjtejdy' Odz ¢
Hdzw wCdR o' HBEZOO' I8! MW ¢ jdaj Oy ' W M 8¢ d.

1 wEfpldz (2. 13) GlteddBkz' B yj dsteOd db

6 — (2.14)

ltesosHY yd OdzOdztsc ' yda' wHw  © H dz™s Istle@tezP * |
tc' Ldzdyjolz Mrajdkk MftcOs O:

6 — (2.15)
Hi § Oedidyss slsted B3O &is ' Lddyj ok i
6 — (2.16)

ldeOL (2.14) LOLeadyuO?2 o ¢ tstewLigsdsls e ,Is
tc' odetsmls® (2. 15) kO (2.16) &&O iy B dC

z28B L &zO2Isd dzOB dzd ¥ J dzi L dzOnyg HiL2W d3ts1 dov d ta
(2.10) ' (2.11), tsbkttddkO' &Bts:
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6 6 ¢co 6Q Q. (2.17)
I e Oy O i3ts OLLdzOa jodglisils® (2. 17), IstsH'
6 — §Q, (2.18)
ssH' t' Lddyjo0O Moj®kO H&Y HEkes §6R' HC
6 — (2.19)

1 o9dtOl &) (BsBdBs osdhmdsesss, Mt d&zOB &
fstewHtSS Issydasfls' .

t " Lddyjoelk Mmajdkkz dOLJoOsl! fl' 2C s
esLBdlslw YOS tsoO YtsndBSO d Lo
' Ldzdyjolk MEojdz. 1 6LGdvddEy ditedL s Hip
Hef siBE BezY dzdz? L HOSERO H |} i3Y tedzdz@pL dddsy judpde”j
6 ofw & o FEQZ

mE By 65
USH' 9 ' HEREQedrdizdgedsts S&d » ' H s t5Y dgls 820
seydmdzdlsd L O Moyt MMaj ditse

M TYE By 0 Yj (2.20)

ldteOL (2. 20) &tsy dzO L Oflistg fiptOoyll R Adssdf SH ¢

Gl 00w L IzZo Odadz" off) i) IstgOB izt j ekt L dzO\ § dadzv
CesC 0% ‘ljtOy'

2.3.2 t('Lddyjo0O mMad &BO HOWZY tc' 9 dgv dzdaw

SO BOHOOYO Hzv to° 9o(B) dzdi™s dV g @ ) zdzOL dz
WEdQ wpih- @ ,h, N5 o'da dPjgds 2 B d&OME' L
CO2odn bkditse. (BLEdVd) G odf OHBE k&S
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WEdC Yy a0y ddgjdzy meorasiB s sk Bt L ded Y ¢
o' o dV dedzy (QAOMBEdZ@ON &S 5o 2 B &ZOMMs. fMmd
[MS dzr € L deOyj dzgdzw WhkdzeCy' @~ O &jy' B dC
L dzOyj dedz? WhkdCy' ' ® k& eodzzlste’ hdz 2 tsB ZOMls
yj ot &z0 t' Ldzdyjoe 0O MEjRkO (2.14) Hdw
e Lddyj o@IO)Hy B e si FED-Rez@Uzdy &5 5
Bjtejls! Mmw. 1 st ONd@Ey 1 20 jliczty £ o Iz Gy
OOz ¢ ' Weets © H dzw

iSL tOn @ tOMEMIs j d3d ¢ tshs tofHtef jdzOfipls O 9 dzw |
CoOHEOIsTP. vtk Htj ydks sdStstedmisOld t
RO tew HE@LE GHBROSCBSoddB C ke hd i tcosdisldis:
sByYdmdej dasay 52 @ tsteY BCOSte d O i3] 3 de@Fday Iz fHor:
5" f gzl 5615 tff oedpHdRdzy (2. 4) :

Hdzw R Hdzd R WSk csEdgs Gizs @Y 1 S |

Haew o' h Odegdt §55° Hdzd8 d Smed BEGY s s 2 d
fcOolk ' Lddyjobk Mojdz (2.15) Hdv Sy da

h h h h h h h h
]
h h

CShs oLvwisd tojLdasdepide zzmn § d3lz, Ists Hdzw
Hicbesets fBEWHSE Glsted B3O° dBs dzOMsky d2' ot
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1 " HMMlsOo dzv ' ditsB dixflsjigidddgi@'dz’ H ddg© ¢ ts- ° H dzd ~
[fMS & ¢d CtesS twsLedlklsw oafmsHd BLke Hdz
Me sty dedz" sOd3,  Hsils t a 50 trstEsiz tHat® & o I ¥
BOMh sOB dz' Mlis! Glsted BOddE odtoOL o * Ij, |
o § OC s Scifilicse B@gyded d§ BUOHY &OY d MOdzdzy 1 t
spydmazdlsd of' MlstekSlsktcds Stiftsdy dzlsd o
Hdzv to' o dzV dedztz’ (22 2 dz)f d3B B H § dztlzgRdizdalg, H jls DX ol
ydmgd dz' ded g g sigH sdsts diFsy dzO e dSstedmlu@lsd
256 kEHMS cdEgisdke g j @] v .

] &O2ftsils' h(sdg® Hifd OOk L Odj ) desfls
ftcd oS tstsdH)is Otfiadas ) lsgjLkos! Gegigle’ Odg* Rdzj to' o dzv dz

Qw T (2.21)
LOfdMmE* s mMw E odedzw H'
®w Qw. (2.22)
1402 fByYyObStsej dz@ OdYZsAEdzY(2R24)s ‘oA tsiigy dz
Histe' o dg®
W . (2.23)
1 " HiMs Qo dzw ' dis (2. 2 3)' ot idftdaf@p@Z d3@ M lis d dzlz
w Qo . (2.24)
1 " HMIsOo dzv " s L dzOtg] dpdigw dAd2 . Z L) 22Jzs9 Iz 15
w Qo . (2.25)
ltecsHBO Yy ' d@3gs H Odz’ y' H' IStSH ' tslstecd
"IsjteOy’t
o Qo hQ pklots (2.26)
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Aqedz sBydmdzj dz2 L O Wistedgzedzs (2. 26) (-

Fdisco © dzOff jtoj H -L OHOdets’® Issydesfils
W ws -. (2.27)

[ dzvw ¢ dzt S tsfls’ L d3' dadzd n , hts B dz h O L
odcdzv H dzts tc dity alaff dzts ‘'dzOdf jedf§ d&zOH, hts BO' Mmistsl

[ iIssH ) 681 @ dedtryd f)ldgj’ g dzvv dz’ o "oH'ted L dig)IstsH
ftosMlsdmas ' IsjtcOy’ 2 Is d d3, hts " Mdzw ' BisdzOA t
CRBf sdz] dzlsd tSHtOLEZ o dCttcdMmisto FQ s N2 56 s
C, &-ls s’ C sd3tf sdzj dzls . Aj HBL OtV LOBj L
LB Y detsfls® d3j stsHEz 1 jJ2Hjdzv st adawdats L

2.4 [jlssHd ftsBkzHtseod fsyOolsisats™ MmM' Is¢

2. 4.1 (' odes wdz® f' GO

t “odzsB ttdzO® M SCO BEHE' Is!td {CxEdzjoatO
' s@ t' oadz 2 o' HiNsOdZ tSHddz ' H HOSGEE
sB d&zOMIs! * fovBsCkzlsddisd OBt (9 OHBOILKC
1 Of 6d,C dzBO* di3ts  f wdfis CiRladzd SMsstesdzO BB, h s
CtotstoH d dzOIs dzd 5 odz'cldl’ v @y GFBsH I vy sBz o df O
L OH Odzts Bz € to'lOmls to deds@ ‘Bdfts sdzO s 2 dz' W ts to Blz dze
syt o CoARsdlz o kL d

O OfF QQp,0p o Q0Vop. (2.28)

stesCd tsLeBdllsY €y ds@ s MS(SMS) hdiss ¢ tiss dz @tk
CoOHEOAS Q) dsty dz20 L dz02lsd L O ¥ stkdk dss
" dzZls j oo Oz, N sk @l Bdph O lghv slsted kOt B

L OL d2Oudlsd, "t ' H YyoOmug jegeist @apPyoefis' s Cd
Istsyts ¢ tcsLBdIslsw ) L OH Odzts d3lz &Zzof tew &3¢ Iz,
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Histc' 9 dZ o@Isd! sz o df OHE 2. ¥ QdHi@HfA@ d 2 &3O
o dce dzv H:

N —, 0 @ — (2.29)

c¢hts BdAZOMIS! GJjdz 6OY" ’ M Is¢d ‘ |
ytslsdted ¢ z(stezf{f§ .5 3.5H) ZOds BEHEIS! 9" HtsW3
fiststetsded ZEAHFO]C O tSIsy j wpowH B3R, Odz@aLJ dzdz¥
WhH,Wr,s8H" CwBOZEZ ddsFL BdIslsw BEH] BBYdMmdzj d
sCted dds, dzOf toed & dzOH :

Q b hh (2.30)
O CtstecHddzOIsd o dzkzlste hdz' 7 Ibys¢ §tsyoOls tse
9 (B2 .10 HMisOoadlsd o  HY t580),lsEa " L dzOYj dadz? € t
O OF Q Qp,or OF Q Qp. (2.30)
ANStedzz & (L2 .0 HMISOdHads s H(dZOS s dnr GBS

BHEROSC ' 2 C' d S’ obkid B' KE&J okeYy s
fjtcjlsotstcjdz HEts 9adedvHLEL:

o I LIS ik 9 (232

1 JHEsdzE S B BYOlsC sots’ o' adesd3 todets’™ ' Is
o0 GdzklsdT ©B&OMIj?2, GhHEskyqTscHPED LHO k
sB d&ZOMls' , ¢ Jdsj tf Gy joiBialf ditssl ticsdy. , 2 O1 H Odz)
ftodLotsHdIs! Hts f Jtejrtcd N zo Odzdave " dt'delz’ IsAs ™ ) '«
5B &ZOMIs"
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Q) B )
tdfm. 2.1. 1 tyObktto@ s folxftddd) taxiBOzGr)lds' ¢, O
o9' cdzzlstst. Miststesdats

2.4.2 vwOdhY' d& sd0 ' dsjtfsdvy v

Oz O ydz RjlksHd HLOBjfEpREsBE MbES
¢ s dzOn fdsttH  ZOsdzd B &' dz 2 COCHEE Y 6t &
¥ st Bz ZOR ' dztcl©dah)’ | HiideClad B d¢ e d Mistse k¥ s )
) tsls f &OH e & B zOfls dsTs H Gizisjss oddj w2 o @S

] Lig@s: jdzj &j delsd By kls'  sQleafd2A ks ds, s dsiz
Odze j B e O 1y dzl O ilolafSjics diliEdsds o v Is! B tzf ¥ § teug®ls §
o dCtedMisOdzds ' IsjwOy' 2dedr Odketstdlsd o.

t 2. dzj d3j delsd m' Is¢d dBwBO¥ s+ CEkId, M B

[ dzv CBdzlstetsdzse L g lzh j dzdzWo thDEE dpdov LLEEH Qlslz
WL dydss® O L tcOAXIEsy 20 5§ XBREMKEOIS
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Mdfisj B SttteHddzOl. 1 Of ted S &zOH , (MY Y &® & d
o dCtiedmsOlsd WkdSy' ¢ tsLkwek, hts &GO oc

i 0, p 0O p (2.33)

HP' Oif OOy sted, hts LOBJLY jyker s Fsdastets
SJtlzoOlsd twtsL fSH" dzj dgdgv s o zL dz" @ Mm' Is€ (d

L dzOy j dzdz' tsH dz8E tx SO tded dg jdisckeSlz L dzO0y j nifedzy 7

Lekh jdedz?" o' HB Eaf@P3s: @Y pidy" dst€ Ok 6 ' €0 2S8R tc dz

B)O, plwiLekh jddzv o' HB Lot g3 MW )  tc ®2.8YskcBiz |

f° 4@ ptyjo drdey to' oz tdesy j @ f BBEORH !

Q B) 9 )
{t dB3. sjtekzo Odedz? L GEkzM jdedew o5 ' Is¢

250 zc steqdlsds ¢ j dzj eOy' = MckEd o §OC s’

O dzc stcd lsdzc tf Pifistc d L ds0 w jdatz fsBkzHBo d H 9t
MstezS sktetso Odets” ' S LO HofsdBsetss HJY
I dSsted MisOdadzy o' o dgv dzdz? 1 ZOMMsdz® HEsSL 8 5k
M s¢d 1O ' Hoadhdld bsyd Ms! ydfj dz dzts
oSl f SH' dzsdge cpiz'LHizlz' 02 tfiise dAPEESE H so d Mistelz S sk
odCstedMmstsolz Is! Mw ydmjdz dzd?2 (A di3p By 56
1d2Hjdzv. [lsteddBOde M IsCd sy dzO odCtsted
LOHOVY, odL dOyj dzd nt 820¢ drvddz] dgtslz’ &hd, @ HrOdn,ls * ¢
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~

O, m hits HOMIS! L dBsek HisMdz Hdlsd o dzd e
GJ dzgj tOYy" ¥ M IsCd. [ s 4 fstc" oadgw ' s 5
' odzts3' todzsets f sYOCtsotsets twsLBdllY IO
HSf SiRSE st Odzil * dz' IsElzs® ¢ j & diglsls ted tdv Yy
Ctedotsdz dz' 2 detsets ytblsdif Sisldde] § @ Misstetsdzd
iLOHOs s v CRFDPOBIsyPisttz sl ftosegtcO
C'dz €' Mmisy  Isayds €€ HojtiztBdgids SO f oW &3¢ 2z, o dzOb
s MOdj L dzOyj dzos'@ H 2O dalzOth ¥ dEDOYD ' B dzOW ¢
CcscHlZ@Is O otOhBolzy yd, hts BEH] od¢C st
dzj sSBR " Hdets L OHOIsd 21 fotgtHdy’ dytiz’  dzés disBlaifiefidcy i
LBjtojyjdeda" 3 Ctsdz' stelz htodWilskz ftoscetcOdd,
Mo sw totsdz! |, dzOff tocd € dzOH , LOB s€d OdlststcO
&z Misddzez BEZHEIS! LizMmlste' yolsdmw §EkzMmls' te
Mftcd2dgv Islsw ' dgW stedzOy "' 'd d3B dztOY [idgefsjd3. P s L) Is €
teWHCd ftoescteORd BERZHEIS' & Misdlsd dzOMmiskz{q dzk

0001

0002

0003

0004 n=31;

0005 X= tn,n);
0006 Y= tn,n);
0007 X1= ¢n,n);
0008 Y1= {n,n);

[ Odz' LOBEB®GEHEOKSE Issytss, s tBdj Yz |
M tcOo O: dad 3 dz¢ , M j ‘tog t=tdd?  :ls @(oxelkgnic & dzr | (nx)l s ,
oMmd ey Hddz Hdzv tadPHO dzdzV) Lo i &5,¢f A QOvisite Iy v ) (-
ypn)io dzd L 2z, (xPHte] vy ¢ &y Odede tcafcpasd dzlz j4L ' ° ,
To e BtOf.tc ¢ dzOH :
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0011 xIn=-3;
0012 yln=-2;
0013 xls=-6;
0014 yls=0;
0015 xlv=-4;
0016 ylv=2;
0017

0018 xpn=2,
0019 ypn=-1,
0020 xps=3;
0021 yps=0;
0022 xpv=2,
0023 ypv=1,

Atz B EOkcEBYSE: 9C OL Odzd A

0025 P = [xIn yIn; xls yls; xIv ylvi;
0026 Q = [xpn ypn; Xps Yps; Xpv YAV

1OHO" tds WkdeSy' ¥ 1 4L " L od¢Bsted mlsOdzdz"

0001 functionb=Dbernsteif, n, i)

0002 b=tNi*(1-t)"(n-i)* factorialn) / (factoriali) * factorialn - i));
0003 endfunction

0033

0001 functionh=bezie(t, P)

0002 m=sizgP, 0 1);0

0003  h = bernsteilit, m- 1, 0) * P(1, :);
0004 fori=2m

0005 h = h + bernsteifit, m1, i-1) * P(i, :);
0006 end

0007 endfunction
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0041

0042 t =[0:0.01:1];

0043 pp=zerogsizdt, 2), 2);

0044 pg=zerogsizdt, 2), 2);

0045

0046 fori=1:n

0047 pp(, ;) = bezie((i-1)/(n-1), P);
0048  pq(i, ) = bezief(i-1)/(n-1), Q);
0049 end

[ Odz' 9d¢Ctsdzlz’ sy OlsOwBOdrdzy M' Is¢Cd d3j IstsH
tcsL By dZOt' 2 1)

0051/ / stc@2 e’ oyOlsStse' L dzOyj dzdzy s tefsL
0052/ / " odes3 tedzj ttsLBJdISIswW/ /
0053 fori=1:n
0054  X(1,h)=pp(i,1);
0055  Y(1,h)=pp(i,2);
0056  X(i,1)=xIn+(xpn-xIn)* (i-1)/(n-1);
0057  Y(i,1)=yln+(yprryln)* (i-1)/(n-1);
0058  X(n,)=pq(i, 1);
0059  Y(n,)=pq(, 2);
0060  X(i,n)=xlv+(xpv-xIv)* (i-1)/(n-1);
0061  Y(i,n)=ylv+(ypv-ylv)*(i-1)/(n-1);
0062 end
0063
0064/ / 1 dzzIstc® h dz® ftsyOlStseo' L Oy ddzv 5 to
0065 fork=1:n-2
0066 forj=1:n-2
0067 X(k+1,j+1)=(X(k+1,1)* (n-1-))+X(k+1,n)*])/(n-1);
0068 Y (k+1,j+0)=(Y (k+1,1)*(n-1-))+Y (k+1,n)*))/(n-1);
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0069 end
0070 end

¢Bts odS¢ iz’ d3ts L OH O dzda"

" dels § wf(EW O 2 2)

0050 /h dzOyJ dzdz¥/ dz' o Stelz y
0001 functionx=xl(eta)
0002 b =beziefeta, P);
0003 x=b(1);
0004 endfunction
0001 functiony=yl(eta)
0002 b= Dbezieleta, P);
0003 y=b(2);
0004 endfunction
0059/ dzOy §f dzd@® M5tz y
0001 functionx=xr(eta)
0002 b=Dbeziefeta, Q);
0003 x=b(1);
0004 endfunction
0001 functiony=yr(eta)
0002 b= Dbeziefeta, Q);
0003 y=b(2);
0004 endfunction
0068 xI0 = xI(0);
0069 xr0 = xr(0);
0070 xI1 = xI(1);
0071 xrl =xr(1);
0072 yl0 = yl(0);
0073 yr0 =yr(0);
0074 yl1 =yl(1);
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0075 yrl =yr(1);

0001 functionx=xb(xi)

0002 x=xI0+ (1-xi)* (xr0 - xI0);

0003 endfunction

0001 functiony=yb(xi)

0002 y=yl0+ (1-xi)* (yrO-ylO);

0003 endfunction

0082

0001 functionx=xt(xi)

0002 x=xI1+ (1-xi)* (xrl-xI1);

0003 endfunction

0001 functiony=yt(xi)

0002 y=yl1+(1-xi)* (yrl-yll);

0003 endfunction

0089//1 d S sdzOdedzy yd&dze Hdzv L OH Oy CtsBteH ¢
0090 fork=1:n

0091 xi=(k-1)/(n-1);

0092 forj=1:n

0093 eta=(j-1)/(n-1);

0094 X(k,J) =(1-xi)* xl(eta) + xi * xr(eta + (1 - etg * xb(xi) + eta* xt(xi)
- (L-xi)* (L-etad * xb(0) - (1 -xi)* eta* xt(0) - xi * (1-eta * xb(1) - xi * eta*
Xt(1);

0095 Y(k,j)=(1-xi)* yl(eta +xi * yr(etag + (1 - etg * yb(xi) + eta* yt(xi)
- (L-xi)* (1L-etad * yb(0) - (1 -xi)* eta* yt(0) - xi * (1-eta * yb(1) - xi * eta*
yt(1);

0096 end

0097 end

ltcdosHddis £ o  Hitse ' Hdz fMis! L dzOyj dedav f 51
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0099/ / | ' HYftse ' Hdz Mis!: &OLEdy: / /
0100 X1=X:;
0101 Y1=Y;

] syd dz0’ dz3ts “IsjtcOy’ 2 dzd 2 ftesyjfm totsL o
B sBHESABR | J2H] dzv L ¢ € dzlote toddjlsdf y dgg detg H d
slsted B3Odzdr tjLEd SOIs'" 9, odosHtAR dzO j ¢ tol
Melssdiz Cttsy’ "IkjteOy' 2, O Isoréay ®wE ded =L
o e BdzOdZO M jy' Odzr dzO Ek diitseo O (sqaitfepsioxMd dzts
epslony”2) < 0.00):

0102/ / s " dz* €' Mls? " IsjteOY" 2 m//
0103 m= )

0104 fork=1-m

0105 fori=2:n-

0106 forj=2:n-

0107 g11=((X1(i+1,)) - XL(i-1,)) ~ 2+ (YL(i+1,)) - YL(i-1,) ~ 2) | 4,
0108 g12=(X1(i+1,j) - XL(i-1,j)) * (XL(0,j+1) - XA(i,j-1)) / 4 + (YL(i+1,))
-Y13-1,j)) * (Y1(i,j+1) - Y2(i,j-1)) 1 4

0109 022=((X1(>i,j+1) - X2(@i,j-D) "~ 2+ (YL(i,j+1) - YL(i,j-1) ~ 2) | 4;
0110 X1(i,j) = (g22* (X1(i-1,)) + X2(i+1,))) - g12* (XL(i+1,j+1) -
X1(i+1,j-1) - XL(i-1,j+1) + X1(i-1,j-1)) / 2 +g11* (X1(i,j-1) + X1 (i,j+1))) / (2 *
gl1+2* g22);

0111 Y1(i,)) = (g22* (Y1(i-1,j)) + YL(i+1,))) - 912* (YL(i+1,j+1) -
Y1(i+1,j-1) - YL(i-1,j+1) + YL(i-1,j-1)) / 2 +g11* (Y1(i,j-1) + Y1(i,j+1))) / (2 *
gl1+2* g22);

0112 end

0113 end

0114 / / stesC yd&¢ dzkz/ /

0115 / /1 " Headdzj dgde? 5 =~ ° /]

0116  epsilonxsgri{sun((X1-X).”2));
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0117  epsilony=sqri(sun((Y1-Y).n2)),

0118  proverka= moduldk,100);

0119 if proverka==0then

0120 (epsilonys ,epsilonx;
K, )

0121 end

0122 X=X1,

0123 Y=Y,

0124 if (epsilonxX'2 + epsilony*?) < then

0125 (k, %

0126 (epsilonys ,epsilonx; )S

0127 break

0128 end

0129 end

Ok odCtsdk' k' M BjLYcMjejHdy 5 §SBE

¢ ts 30O plaH3d
1" H yYyom odCdz®izdes (BEE Bz 6] L &z dz!
LB YdzsMmis® "lsjteOyYt 2desets fetsyjmkz (¢ dz

fsyOlsCsots’ M C€d L BHAdZOCtSotsE B dZOMIsE
L dz0yJ dz ssys ¢, hs BB §lz¢ IfOtc ©R=SI[ O ez |
yln=-2; xIs=-6; yls=0; xlv =-4; ylv =2; xpn=2; ypn=-1; xps=3; yps=0;
Xpv=2;ypv=1) BRdzs LGjdzjtetso Odzs Mzt Bz tats ds¢
Myj dzOtc’ Wik o dzals 3" tc dzj f sYyOlsCisa ¢ ¢ tstistsf LdsPlstd
Istc OdzmW ' dz' Is dats & dzts diisy jiedfkGsteZW Y€ " tsB tc Odats H dzW
Yd ted L MIsOdzH Otelsdzz dzOL d gy § @D az' 8Scimly § B j &°
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Q) B )

t g4 stz C sz o Rddds ' f) ' I@JAEOMNs) dzOte’ 2 1, |

[Cte' &3 fsBzHtSoa Odets’ M' IsCd dzQtefrC &©Ode 6§
CtesC " © yYydqeédzkz, odlstcOyd dzdrms HAEY T BBEHBO (
hodHC"' Mis! o fsBkzHBo (. 1 O tod § d&zOH , H
(@B O) B LAt o JUstdON jodEsy) REBRY dzOtc 25,83 2B k ke
9 dlstc Oy StAsYF 8 Az sts ©d o d € 5 dzO dzdzi $LoBO Hyfed@udsigflsy
' Hmaddzj dzdz" f OtcOd3j Istce® =~ Z f se d dzdz B Iz
0.0009213 o' H & JidPARBESS( E.RHO) , o' H I D.OPHRAZY -
o' Hnddzj 0001299 6d M)5,8B) . fiyfdeiils jtej 4 j dedz? L O L
hodHC Mlste YteBlkzutsead M ¢ d HOMZ ftes o " |
sMlsOdzdz! sets CtosClz, O 2 YJAtdj LH CCdisy dp' d 9sOH(
S BEBRBOdH destfiizs @ tc @dia] H yYy®Ey =~ tsBtslsd ( tod

Il drsHwyd L HOdr) dzefdls'C sMis] ttOYy" 2 dztsG |
LtecsBdIsd odmdetse ts¢ , hts Hdzw 9COL Odzs’ tsB &
fsyOkCtsots’ ' Cd, WSk Blkds Ldjdy tetso Odzt
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{ dms.

0.0026454
HoMep RpORY LIMEITY
200.
BigxMmeHHA 00 X
0.0031103
EiOXMAcHHT OO ¥
0.0009024
HomMep XKpORY LMETY
287.
BEiOXMNeHHA OO0 X
0.0009213

EloxumeHHd 0o ¥y

0.0003555

0)

3.00d& Loy w

0.0008252
HoMep RpOKY LHARITY
300.
BioxmMnesHAa 0o X
0.0024574
Biaxunessg 0o vy
0.000311%
HoMep XpOoRy LIHARTY
382.
BigxmneHHA 0o X
0.0009831
EiOXMASeHHT 0O W

0.0001294

B )

csBtslsd ftotscteOBd:

[ Odz" ftetseo jHJ dets HEBMdz' HY J dzdav
5B &ZOMls' CtwdOhj LOMstite zd Alyg dAg) &ZO®R. 2 )
Hsfdz' HY j dedzy  j &3 ° totf 15 dzd dgv bizbizis B ts tRo | ki fzts i) Is
Hdzw tsBS fMyj 2O’ o dis B segjslss W e Mis g T H J d&
C' &z Csfls’ bkysS wsLBdklsY SO ©' Lddr LO
fjtejoOc0O BjlstsHlEz | j2uHjdv, w¢ EZHMSC sdO
f sH Odzsie” o dzv dadeyi 't tdds'ods'HSdflz yd o3 d3j IstsH sd3. |
ZOojjdas m @Mz BjlstH' o s dy |ojotd @yl s s C
(tedfm.) 2.L6 9C0OLOdzd 3 € tsdzlstetsdz! dzff i3d 1S® 15 Q €1zC
fesrdplEizdz® CoOHtOIS'" 98 o' Haddzj dz@ dfjs o
fjtejodhk' 0,001

10 HOdzd s IsOBdz. 2.1 By dzO LtesBdIlsd o
fjtcjo0OcO d&OHO k' v fsyOkSse ' 2 ' sy,

‘s jtefsdzv oyt T . Aj2 odmdsesS f Hlse jiHY
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sB ZOMIs j 2

L 9 HfBo'

Hdzsh)' BCd LOdY L OO &G ¢

2
f t

ofdzdok ¢ jBd3]Iste’ sB &zOMIs® d&O© heodHC' Mlis!
v OB dzd yw
Il st adzgv dzgdzgv LB ydesmls® ‘" IsjteOy’ 2 dzd -
s ' dz _ U to Ghdzfipz’ Is ¢
t ' o detsd3’ tcdzj . _
vstsyy Is¢ dzls | toff 5
BHE ssyl AOCIsts| [ jIsts _ [ JIsts _
. [ it [ it
d3d ) |teBL E f ctsml _ i tctsml _
. 14 2H] . 1d 2H,
Is w “ls j te( s te(
s’ dzt €
CetsC 677 368 261 184
yd ¢ dzt
xIn=-3 31 Il " Hadd
0.0009935 0.000988¢ 0.00089020.0009132
yln=-2 i &
xls=1 Il " Hadd
0.00010820.0001117| 0.00044460.0004033
yls=0 1 ~4
xlv=-4 s ' dzr €
ylv=2 CtetsC | 1133 622 405 287
yd ¢ dzb
Xpn=2 41 Il " Hadd
0.00099260.0009920| 0.00089360.0009038
ypn=1 f &
Xps=1 Il " Hadd
0.00010430.0001113/ 0.00044580.0004161
yps=0 i tiz
Xpv=2 s' dz2 ¢
ypv=1 CtetsC | 1680 932 568 403
51 yd ¢ dzh
Il " Hadd
[ & 0.00099400.0009898| 0.00089430.0009036
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Il Hadd
[ & d 0.0001021/0.0001102| 0.00044330.0004261
s dz ¢
Ces¢ | 2309 1292 746 532
yd ¢ dzt
61 |J " H~dd
[ & 0.00099430.0009926| 0.00089700.0009002
" Hadd
[ & 0.0001005/0.0001097| 0.00044090.0004304
s’ dzr €
Cws¢ | 3012 1700 938 672
yd ¢ dzt
71 |1 " HAdd
[ & 0.0009947/0.0009938| 0.00089820.0008981
Il " Hadd
[t 0.00009930.0001091| 0.00043740.0004328
t dfm 2.6. 1tBZHB9O M"'Is¢d HAv
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l etsls j
(lsOBd&zz9dH Q) Mis!
tQ!

CtcOh B8

H dzw

Odz0O dzts ¢ * y dz'

sB ZOMls j 2

H dzw

L B

s 1§ (26 difp. M  BEDOME ' C OtcH d dzO dz' d
N dztsfls © d3 sty Het®dg * MRIFIAS 1 JSC

o dzts s g Qs € 5o 'Sy B s B Wtg H Hhlzt
Hisfpdz' H Y j dadgw L

(r sHOILS 1) .

f sSHOdz h 558

it dm. . 7. 1tBEZHBOO M'IsCd HW
v OB dzd yw
] ste’ odgv dzdz? LB YydaetsMls' " IsjteOyY’ 2dzed -
vtsys| s’ dz¢ ¢
: t odzsdf utcOdzMW °
B Y| syt ANOCIstste _
tesLBd| " dzlsd teff
f sSBEHtetsL B Q
xIn=-3 Cdz € Mmis
° m 472 639
yln=-2 31 yd ¢ dzlz
xls=-6 Il " HAddzjrdz 0.0009534 0.0009879
yls=0 l " HAdadzjz 0.0002971 0.0001321
xlv=-4 Cdzt € Mls
41 ° m 768 1045
ylv=2 yd§s daziz
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